We introduce the concepts of strongly and weakly divergent permutations and consider some relations between them.
Introduction
A permutation p of N is said to be divergent permutation if there exists a conditionally convergent series a n such that the series J2 a p(n) is divergent. In the paper [14] it has been shown that for every divergent permutation p and for every closed interval I of the real line there exists a conditionally convergent series ^ an such that I is the set of the limit points of the series ^ ap(n) • For some divergent permutations p, called here strongly divergent permutations, there exists a conditionally convergent series J2 a n such that a p(n) = Simultaneously, there exist divergent permutations, called weakly divergent permutations, which do not posses this property.
Given a divergent permutation p, we will denote by XXP) the family of all convergent series ^ an of real terms such that the series ^ ap(n) is also convergent. The main result presented in this paper is that for any strongly divergent permutation p there exists a weakly divergent permutation q such that J2(q) is a subset of Moreover, we will find additional conditions for a strongly divergent permutation p which yield the equality XX?) = XXp) for some weakly divergent permutation q. We also consider supplementary conditions for a strongly divergent permutation p which are sufficient to guarantee the existence of a weakly divergent permutation q such that is a proper subset of Y1(p)-We give an example of a strongly divergent permuattion p for which there exist weakly divergent permutations qi and q<i satisfying the relations
= £(p) and (£(®) c Z>) A YM^) * E(p)) •
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Preliminaries
To present the above features additional terminology and a number of preliminary results will be introduced.
As usual N and R denote the sets of positive integers and reals, respectively. We say that I is an interval either if I = 0 or when it has the form I = {n, n+1,..., m} for some n, m G N, n < m. We say that two nonempty intervals I and J are separated if dist(J, J) > 2. We say that 3 is a family of mutually separated intervals if each member of 3 is a nonempty interval and any two different elements of 3 are separated intervals. In the same manner, we say that a subset A of N is a union of n (or at most n) mutually separated intervals if there exists a family 3 of mutually separated intervals with U J = A and cardp) = n (or card(3) < n, resp.).
Let p be a permutation of N. For each nonempty subset A of N we define the index t(p, A) to be the cardinality of the family 3 of mutually separated intervals such that [J 3 = p(A). For abbreviation, we will write t(p,n) instead of t(p, [l,n]) for every n € N. Here and subsequently, [a, 6] where a, b G N, a < b, stands for the interval {a, a + 1,..., b}.
It is easy to check that p is a divergent permutation iff limsupi(p, n) = oo.
n-»oo
We remark that there exist many divergent permutations p with
for some sequence {In} of intervals satisfying limn_oo card(/n) = oo. At the same time, for each divergent permutation p and for any increasing sequences {kn} and {un} of positive integers there exists an increasing sequence {?;"} of positive integers such that vn > un and t(p, Jn) > kn for every n e N, where Jn := [un,vn] .
The following characterizations of weakly and strongly divergent permutations comes from the work [14] . A divergent permutation p is weakly divergent iff liminfi(p, n) < oo n->oo and strongly divergent iff lim tip, n) = oo.
We say that two sequences {xi : i = 1,2,..., n} and {i/j : i = 1,2,..., n} of positive integers are spliced when they are both one-one, have no common values and satisfy one of the following conditions: either
for every i = 1,2,..., n -1, or
for every i = 1,2,... ,n -1. Here p and q denote the permutation of the set {1,2,..., n} chosen in such way that the sequences : i -1,2,..., n) and {y q (i) '• i -1,2,... ,n} are both increasing. In other word, two finite sequences x and y are spliced iff they have the same cardinality, are both one-one, have no common values and if the increasing sequences in which the elements of x and y alternate could be created from all elements of the sequences x and y.
It is proved in [14] that a permutation p of N is divergent if and only if for every k € N there exists two fc-elements sequences x and y spliced by p. In paper [15] a strange form of this characterizations is presented.
We will denote inclusion by C. The use of the sign C will be reserved for the cases when the subset is proper. To simplify the notation, we write L > K for any two subsets K and L of N either when K = 0 and L ^ 0 or if K and L are both nonempty and I > k for any k € K and I 6 L.
The historical background
The convergent and divergent permutations have inspired many mathematicians for several years. The first papers on this subject were probably published by F.W. Levi [5] and A.S. Kronrod [4] (this paper is almost unknown-its cited by none of the authors of the papers [1] [2] [3] and [5] [6] [7] [8] [9] [10] [11] .
The different algebraic and combinatoric characterizations of convergent and divergent permutations were one of the main aim of the papers: [1-7, 9, 10] . In the paper [13] £ -the family of all convergent permutations; 2) -the family of all divergent permutations; <£(£, CD, DC, 2)2) -families defined in the following way, for example: p G £2) and p~l G 2); 2)(1) -the family of all this permutations p 6 2) for which p([l, n]) = [1, n] for infinite many n G N; S -the family of all permutations preserving the sum of the rearranged convergent series. P.A.B. Pleasants [6] proved that the group generated by £ is not equal to *p. G.S. Stoller [10] proved that 2)(l)o2)(l) = «p, on the other hand it was proved by R. Witula in [16] 
A.S. Kronrod proved that the group ££ is a unity under the composition o of the subsets £, 2), £2), 2)£, 2)2) of <P (A o £ for nonempty .4, £ C ^ is defined to be the set of compositions of elements of A and B respectively).
The families ^2(p) for p € were introduced and discussed in [16] . The following paper is probably the first one on this subject. None of results included in [16] are not presented here.
Some other lattice -aspects connected permutations and convergent series are discussed in the papers [3, 5, 11] .
The characterization of the permutations which rearrange the alternating series onto convergent series is presented in [11] (this permutations preserve also a sum of the rearranged alternating series!).
Main results
Let p and q be divergent permutations. Suppose that there exists a positive integer n such that for any interval I there exists a family 3 of intervals satisfying p(I) = ^J q( J) and cardp) < n. Jel Then XX^) ^ 12(p) > because for any series ^ a n (of vector terms) the following implication holds true: if the series Y1 a q(n) satisfies the Cauchy condition then also the series Y1 a p(n) does. This simple result will be employed in the proof of the following theorem. The desired permutation q acts in the following way: for every n € N, we obtain that q is a weakly divergent permutation. It is easy to check that for any subinterval J of the interval [k n + 1, max L n ] there exist at most two subintervals I\ and I2 (the interval I2 may be empty) of the intervals
respectively, such that p(J)=q(h)Uq(h).
Moreover, from the definition of the permutation q together with the inequality (4) we get (1), (2) and the following ones:
X^-1 ) < kn, (6), (10) and (11), both series ^2a(k) and
are convergent. Set w n = card n [1, , n G N. Clearly w n < t n and, by (8) , w n > 1. Prom the inequality L n > k n , n G N, it follows that q ([kn + 1 ,kn + i n ]) = p(L n n (kn, 4n-ll)> Hence, using (6) - (9), we get £ «(««) = £a(p(si£i)) = i i=fc"+l 1=1 for every n G N. Thus the series ^a(q(k)) is divergent, and XX<?) C as desired.
• Remark 1. There exists (see Ex. 1 below) a strongly divergent permutation p such that p~l is not a divergent permutation, which yields that sup{i(p -1 ,I) : I is an interval of N} < oo.
Hence it follows easily that the condition (i) of Theorem 1 is satisfied. Finally, from Theorem 1, we obtain EFR) = E(«) for some weakly divergent permutation q. The following result is stronger that the first assertion of Theorem 1. However, it may be derived from the proof of this theorem. The two remaining assertions of Theorem 1 concerning the relations = ZXp) C Y1(p) may be treated in a similar fashion. for i = n + 1, n + 2,..., 2n -1. Thus p is a strongly divergent permutation. It can be also deduced that tip' 1 ,1) < 6 for any interval I. This means that p -1 is not a divergent permutation. EXAMPLE 2. Let us define the permutation p to be the increasing mapping of the interval [k n + 5n + 1, A: n+ i] onto the set G n defined by
for n e N, n > 1. Moreover, let us put p(l) = 1 and p(k n + i) u n + 3i for i = 1,2,..., n, u n + 3(i -n + l)/2 -1 for i = n + l,n + 3,..., n + 2n -1, Un + 3n + 3(i -n)/2 for i = n + 2, n + 4,..., n + 2n, Un + 3(i -3n + l)/2 -2 for i = 3n + 1,3n + 3,..., 3n + 2n -1, k it n + 3n + 3(i -3n)/2 -1 for i = 3n + 2,3n + 4,..., 3n + 2n, for every n € N. Here = 3(n -l)n + 1 and fc n = u n -n + 1. We first observe that 
